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@ Knot Contact Homology
e Legendrian DGAs
e Link invariants

@ Physics Results

e Chern-Simons theory and topological string
e The conifold and large N transition
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o Let K C S3 be a knot. The Lagrangian conormal of K is

Lx ={pec TiS3: pl7x =0} ~ S* x R?.

@ The Legendrian conormal is the ideal boundary of Lk:
Ak = Lk N U*S3,
where U*S3 is the unit conormal
{(g,p) € T*S3: |p| =1} = S3 x §2,
with the contact form o = pdq,
Ak =~ Sy x Sy~ T2,

where S} is the longitude and S; the meridian.
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functional v — f,yoz for curves v with endpoints on Ak.



Knot contact homology

@ Knot contact homology is the Legendrian contact homology
of the Legendrian conormal of a knot (or link), which we
describe next.

@ The Reeb vector field R of a: da(R,-) =0 and a(R) = 1.
For o = p dgq, the flow of R is the geodesic flow. A flow line
of R beginning and ending on a Legendrian submanifold is a
Reeb chord of A. For Ak Reeb chords correspond to binormal
geodesic chords on K, and are the critical points of the action
functional v — f,yoz for curves v with endpoints on Ak.

@ The grading |c| of a Reeb chord c is defined by a Maslov
index. For binormal geodesics in knot contact homology the
grading is the Morse index: min = 0, sad = 1, max = 2.
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Knot contact homology

@ Legendrian contact homology is in a sense the “Floer
homology" of the action functional f7 «. Because of certain
bubbling phenomena this theory becomes more non-linear
than in the ordinary case.

@ The symplectization of U*S3 is U*S3® x R with symplectic
form d(e*a)) where t € R. Fix an almost complex structure J
such that J(9¢) = R, J(ker ) = ker o, and da(v, Jv) > 0.

o If c is a Reeb chord of Ak then ¢ x R is a J-holomorphic strip
with boundary on the Lagrangian submanifold Ak x R.
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A(Ak) = C[Ha(U*S®, Ak)]{ Reeb chords )
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(This definition really applies to the ambient space R3 rather

than S3, we will see later that the contact homology in low
degrees do not see the difference.)



Knot contact homology

@ The Legendrian contact homology algbera of Ak is the free
unital (non-commutative) algebra

A(Ak) = C[Ha(U*S®, Ak)]{ Reeb chords )
= Cle™, e, @*']( Reeb chords )

(This definition really applies to the ambient space R3 rather
than S3, we will see later that the contact homology in low
degrees do not see the difference.)

o A(Ak) is a DGA. The differential 9: A(Ak) — A(Ak) is
linear, satisfies Leibniz rule, decreases grading by 1, and is
defined on generators through a holomorphic curve count.
The DGA (A(Ak), 0) is invariant under deformations up to
homotopy and in particular up to quasi-isomorphism.
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Knot contact homology

@ For an alternative definition of the Legendrian DGA with
Q=eP=1(Q =e*=1), we consider the wrapped Floer
cohomology complex of Ly (Mk ~ S3 — K):

WH(Lk) = WH®(Lk) & WH™(Lk).
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on the high-energy quotient WH™(Lk) and there is a natural
(k — 1)-simplex worth of ways of degenerating the
k-coproduct.
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@ For an alternative definition of the Legendrian DGA with
Q=eP=1(Q =e*=1), we consider the wrapped Floer
cohomology complex of Ly (Mk ~ S3 — K):

WH(Lk) = WH®(Lk) & WH™(Lk).

@ Floer holomorphic disks with one positive and k negative
punctures give k-coproduct operations on WH(Lk). A
deformation argument shows that these operations are trivial
on the high-energy quotient WH™(Lk) and there is a natural
(k — 1)-simplex worth of ways of degenerating the
k-coproduct.

@ Counting solutions to the corresponding parameterized
problem gives a DGA which is quasi-isomorphic to the
Legendrian DGA defined above.
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@ To compute the Legendrian contact homology of Ak for a link
K, we braid K around the unknot U. Then
Ak C Jl(Au) C U*Sss.



Computation

@ To compute the Legendrian contact homology of Ak for a link
K, we braid K around the unknot U. Then
Ak C Jl(Au) C U*Sss.

@ In the limit as K — U, holomorphic disks with boundary on
Ak admits a description in terms of holomorphic disks with
boundary on Ay with flow trees determined by Ax C JL(A)
attached along their boundaries.
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Computation

e For a braid on n strands the algebra has n(n — 1) generators
in degree O, in ,and n? in degree 2.

(e

A(Ay) = Cle™, e, @ M](c,e), [c| =1, |e] =2,
de=c—c=0, Odc=1-¢&"—eP + Qe*e

@ The unknot



Computation

@ The right handed trefoil (differential in degree 1):

A(N7) = Cle™, e*P, QF' (a2, a21, b12, b1, Cij, &) je (1,2}

]a,-j| = 0, ‘blj‘ = ’C,J‘ = 1, ]eu\ = 2,

Ob1z = e a2 — an,

Oby; = €*ap1 — a2,

Ocip = ePe* — ¥ — (2Q — ePaip — Qafzagl,
Jcip = Q — eP + eParn + Qarpan,

Jc1 = Q — eP + ePeXap; + Qarzan,

Ocp = eP — 1 — Qap1 + eParpany,



Computation

A twist in the braid between the k' and (k 4 1)*" affects the
stable manifolds of the local braid in a standard way. That give
rise to certain twist homomorphism of the algebra of degree 0
chords aj; that are linear changes of coordinates except for two
quadratic terms. Which give rise to explicit matrices CDLB and CDE
that gives the effect of these isomorphisms on an algebra
corresponding to a braid with one additional trivial strand.
Assembling aj;, bjj, cjj, and e into matrices one then has:



Computation

Theorem

The differential on A(Ak) is determined by the following matrix
equations

HA = 0,
OB=-A1-A X+ 0L A OF
OC=A-X+ A0k

GE=B-(¢5) ' +B- A1 —dg-C- A1+ A71.Co(0F) L
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Relations and refinements

@ For Q@ =1 there is a string topology description of the DGA.

@ Knot contact homology is an unknot detector and knows the
A-polynomial of a knot.

o Consider the standard contact structure on R3? given by the
1-form a. Then R x [, € R x U*R3 is a J-holomorphic
subvariety for suitable J that is disjoint from the conormal lift
of a transverse knot. This induces a filtration on the knot
contact homology which gives a non-trivial invariant of
transverse knots.
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Chern-Simons theory

@ M closed 3-manifold, A SU(N)-connection on M;
Chern-Simons action:

S(A):/ tr (ANdA+3ANANA)
M

e From c; = g [, tr F3, for closed 4-manifolds X,
Fa=dA+ANA: if A =g tAg + g %(dg) then
S(A") = S(A) + 8n2m, m integer
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@ For As A+0A, 6S = [,tr(Fa A 0A) and flat connections
are stationary for S.



Chern-Simons theory

@ For As A+0A, 6S = [,tr(Fa A 0A) and flat connections
are stationary for S.

@ The Chern-Simons partition function is given by the path
integral (over gauge orbits)

Zes(M; N, k):/DA ek integer (=~ 1).



Chern-Simons theory

@ Feynman calculus gives a perturbation expansion of Zcs near
the flat connections in % . Interaction term AL AN AR gives
repeated use of the same vertex and by fattening the diagram
we can keep track of the contribution: diagrams with h
boundary components and r loops contributes

hpl—r _ ph 17X
NAKI=r = ph 17X
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@ Witten showed that the Jones and HOMFLY polynomials of
knot theory can be interpreted in Chern-Simons theory.



Chern-Simons theory

@ Witten showed that the Jones and HOMFLY polynomials of
knot theory can be interpreted in Chern-Simons theory.

e K C S3 knot, U(K) monodromy of A along K, then with

(U(K)) = Zes(S%N.k) ™ [ DAl W uk),

, Where g = exp (I\%Tk) and

P(unknot) = (q/V/2 _ q—N/2)/(q1/2 _ q—1/2)_



A-model topological string on T*M

@ The A-model topological string on T*M with N branes along
M C T*M is defined by a path integral over ® = (¢, x, ),
where

e ¢ is a map of a Riemann surface ¢: (X,0%) — (T*M, M),

e X a vector field along ¢ (super partner of ¢),

e ¢ asection in TOYT*M) @ T*'°L @ TH(T*M) @ T*%'%
(super partner of dg).



A-model topological string on T*M

@ The A-model topological string on T*M with N branes along
M C T*M is defined by a path integral over ® = (¢, x, ),
where

e ¢ is a map of a Riemann surface ¢: (X,0%) — (T*M, M),

e X a vector field along ¢ (super partner of ¢),

e ¢ asection in TOYT*M) @ T*'°L @ TH(T*M) @ T*%'%
(super partner of dg).

@ The Lagrangian is
L=2t /z d2z(%c,-jaz¢"az¢f + iG, W;DZXJ + iGy sz;'DzX’
~ Rtk i x?).
Here G is the metric w(J-,-) and the covariant derivative D, is

Dox' = 0ax' + 0a®Tiix*,



A-model topological string on T*M

@ The path integral
Z= / Doet

localizes on holomorphic curves. Averaging over all metrics we
get a closed form on M, ; of the surface. Integrating, we get
the desired free energy Fg j, for surfaces of genus g with h
boundary components.

@ In the case of a Calabi-Yau 3-fold the path integral then
counts holomorphic maps and its partition function is:

Zeow (N, gs) = exp FgnNg2e=2th |

g—genus
h—holes

(where g is the string coupling constant g5 = e®, ¢g energy
of dilaton field.)



A-model topological string on T*M

@ There are only constant holomorphic maps into (T*M, M),
and the 3-manifold M of constant maps is degenerate.
Witten, using string field theory, showed that

ZCS(N’ k) = ZGW(NagS = k%f[i\/)a

as indicated by the fattened Feynman diagrams.



A-model topological string on T*M

o Take M = S3 in what follows. Let K C S3 be a knot. In the
A-model on X = T*S3, add one brane along Lk, get new
partition function:

ZGW(X7 LK; N7g57x)7

where e* is the U(1)-monodromy around the generator of
Hi(Lk).



A-model topological string on T*M

o Take M = S3 in what follows. Let K C S3 be a knot. In the
A-model on X = T*S3, add one brane along Lk, get new
partition function:

ZGW(X7 LK; N7g57x)7

where e* is the U(1)-monodromy around the generator of
Hi(Lk).

@ In Chern-Simons theory, integrating out the strings in
Lk N'S3 = K corresponds to inserting det(1 — e *U(K))™1,
U(K) the monodromy along K, into the path integral.



A-model topological string on T*M

e Expanding

det(1— e *U(K)) ' = trs U(K) e
k

gives
Vi (x) = Zew(X, LK)/ZGW( )

= (trs, U(K))e ™ Z Hi(K) e,
k

where Hy(K) is a HOMFLY-invariant which is polynomial in
g=e% and Q = qV.



Large N transition

e X=T*S3isa quadric in C*, a resolution of a cone. There is
another resolution Y/, total space of O(—1) @ O(—~1) — CP*.

A
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Large N transition

e Gopakumar-Vafa proposes: if area(CP!) = t = Ngs, and
Q=et=gV, then

Zew(X; N, gs) = Zew(Y; g5, Q),

relating A-model open strings in X to A-model closed strings
inY.

|n (T‘#Qzug-ﬂ [n N




Large N transition

@ Ooguri-Vafa gives a physics “world sheet proof” of the large N
transition via a theory that “interpolates” between X and Y.



Large N transition

@ Ooguri-Vafa gives a physics “world sheet proof” of the large N
transition via a theory that “interpolates” between X and Y.

@ Lk can be shifted off the O-section by a non-exact Lagrangian
isotopy. Thus, Lx C Y, and analogously

Vi(x) = Zew(Y; Lk)/Zew(Y)



Physics results

@ Witten's argument relates constant curves on Lk to
GL(1)-gauge theory on the solid torus which corresponds to
ordinary QM in the periods of the connection. This gives

0
P\UK(X) = gs&\uK(X),

and the usual asymptotics:

Wi (x) =exp (gls/pdx—i—...).



Physics results

@ Witten's argument relates constant curves on Lk to
GL(1)-gauge theory on the solid torus which corresponds to
ordinary QM in the periods of the connection. This gives

0
pPVYk(x) = gs@‘l’K(X)v

and the usual asymptotics:

Vi (x) = exp (; /pdx—i—...) .

@ From the GW-perspective
1
Wy (x) = exp (WK(X) +.. ) :
S

where Wi (x) is the disk potential of Lx and where . ..
counts curves with 2g —2 + h > —1.
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Physics results

@ We conclude that as we vary Lk

@ This equation gives a local parameterization of an algebraic
curve that in all examples agree with the augmentation variety
(and which is important from a mirror symmetry perspective).
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Augmentation variety

o Consider A = A(Ak) as a family over (C*)? of C-algebras,
where points in (C*)3 correspond to values of coefficients

(e¥,€”. Q).

@ An augmentation of A isa chainmape: A — C, €00 =1, of
DGAs, where we consider C as a DGA with trivial differential
concentrated in degree 0.

@ The augmentation variety Vi is the algebraic closure of

{(e, e, Q) € (C*): A has augmentation} .
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Augmentation variety

@ The augmentation polynomial Ak is the polynomial
corresponding to the hypersurface V. It can be computed
from the formulas for the differential by elimination theory.

@ The unknot U:

Ay(eX,eP, Q) =1 — & — eP + QeeP.

@ The trefoil T:
AT(eX7 ep, Q) = (e4p - e3p)e2X
+ (€% — Q&% + 2Q%e? — 2Qe™ — Q%e” + Q%)e”
+(—Q% + Q%).



Augmentations and exact Lagrangian fillings

o Exact Lagrangian fillings L of Ak in T*S3 induces
augmentations by

(a) = Y [Ma(a)|A.

la|=0

The map on coefficients are just the induced map on

homology.
: *-2
/ ; ! S
A}M: 1 " R M

X
. . K
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Augmentations and exact Lagrangian fillings

@ There are two natural exact fillings of Ak: Lk and
My =~ S3 — K. Thus, e = 1 and X = 1 belong to Vk|g=1
for any K.
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Augmentations and exact Lagrangian fillings

@ There are two natural exact fillings of Ak: Lk and

Mk ~ S3 — K. Thus, e? =1 and e = 1 belong to Vk|p-1
Q

for any K.

@ For the unknot Ay(e*,eP, Q = 1) = (1 —¢e*)(1 — eP).

o For the trefoil Ar(eX, e, @ =1) = (1 — e¥)(1 — eP)(eF —

1).



